We compute the one-loop density power spectrum including Newtonian and relativistic contributions, as well as the primordial non-Gaussianity contributions from f NL and g NL in the local configuration. To this end we take solutions to the Einstein equations in the long-wavelength approximation and provide expressions for the matter density perturbation at second and third order. These solutions have shown to be complementary to the usual Newtonian cosmological perturbations. We confirm a sub-dominant effect from pure relativistic terms, manifested at scales dominated by cosmic variance, but find that a sizable effect of order one comes from g NL values allowed by Planck-2018 constraints, manifested at scales probed by forthcoming galaxy surveys like DESI and Euclid. As a complement, we present the matter bispectrum at the tree-level including the mentioned contributions.
Introduction
for the allowed values of f NL and g NL reported by Planck [39] . For completeness, in section 5 we present the tree-level bispectrum, along with numerical solutions. Finally, in section 6 we discuss our results in light of the forthcoming galaxy surveys.
Throughout this paper we use the conformal time η, and denote derivatives with respect to η with a prime. Greek indices µ, ν, range from 0 to 3, lower case Latin indices, i, j, and k, have the range 1, 2, 3.
Evolution equations and relativistic density contrast solutions
In this section we present the evolution equations for the density contrast in synchronouscomoving gauge, based on work previously done in Refs. [40] [41] [42] . Our starting point is the general line element,
where a is the scale factor, η is the conformal time, φ and ω are scalar metric perturbations and γ ij is the spatial metric. As we will work in the synchronous comoving gauge, we set φ = ω ,i = 0.
As the matter content we consider an irrotational, pressureless fluid. Observers are comoving with the fluid, and as a consequence the four-velocity in the synchronous comoving gauge is u µ = (−a, 0, 0, 0).
For the following fluid description, we define the deformation tensor,
2)
where H = a /a is the conformal Hubble scalar, the semicolon denotes covariant derivative and the isotropic background expansion was removed. In the chosen gauge, the deformation tensor has only spatial components and is proportional to the extrinsic curvature K i j of the conformal spatial metric γ ij ,
where K i j is given by
The density field ρ is defined as ρ(x, η) =ρ(η) + δρ(x, η) =ρ(η)(1 + δ(x, η)), (2.5) whereρ(η) is the density in the background, δρ(x, η) is a small perturbation and δ(x, η) is the density contrast. The evolution of the density contrast δ(x, η) is given by the continuity equation δ + (1 + δ)ϑ = 0, (2.6) where ϑ = ϑ α α is the trace of ϑ µ ν . The evolution for ϑ is given by the Raychaudhuri equation (more details of the derivation can be found in Refs. [42, 43] ) ϑ + Hϑ + ϑ i j ϑ j i + 4πGa 2ρ δ = 0.
(2.7)
The energy constraint is given by
where 3 R is the spatial Ricci scalar of the spatial metric γ ij . In the following subsections we use two approaches to find solutions to the evolution equations.
Cosmological perturbation theory
In order to show how cosmological perturbation theory is used to find the evolution of the density contrast, we present in this section the solutions to first order. The line element (2.2) is equivalent to a spatially flat FLRW background with a perturbed spatial metric (in synchronous-comoving gauge), and hence we can expand γ ij as in terms of the scalar metric potentials ψ and χ as
The density contrast is decomposed as
For the case of the first order solutions for the density contrast, we combine the first order of the continuity equation (2.6) and the Raychaudhuri equation (2.7) at first order, to obtain the first order density contrast evolution equation
From the first order energy constraint equation (2.8) , combined with the first order continuity equation (2.6) we obtain
combining the time derivative of the Eq.(2.13) and using the first order of Eqs. (2.6) and (2.7) we find an equation for R (1) given by
The general solution for a second order differential equation, will be composed of a linear combination of a growing mode and a decaying mode
Since we choose to work in an Einstein-de Sitter universe, the decaying mode solution is negligible and from now on we take a solution of the form
where C(x) will be given by [42] C(x) = 3 R (1)
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D + is the growth factor, and the subscript "IN " denotes a time early in the matter dominated era. At first order in perturbative, for an unspecified gauge, the spatial Ricci scalar, is 
The comoving curvature perturbation is related with the curvature perturbation on the uniform-density gauge as (see for example Ref. [44] ) 20) and at early times and large scales ζ (1) and R c are approximately equal:
Substituting Eq. (2.21) into Eq. (2.18), we write the first order solution for the density contrast as
where the growth factor in Einstein-de Sitter is 1
with D +IN = 1 and H IN = H 0 , where H 0 is the conformal Hubble parameter at present time. These choices are made to recover the standard Newtonian solutions.
Gradient expansion approach
In section 2.1 we presented the first order equations and solutions for the density contrast using cosmological perturbation theory, in this section we present the solutions for the second and third order equations using a different approach, the gradient expansion, that leads to the same equations and solutions obtained using the perturbative treatment. Instead of using the expansion Eq. (2.9), we can also write the spatial metric as [46, 47] 
24)
where ζ is the curvature perturbation on uniform density hypersurfaces.
The initial conditions for perturbations are set in the inflationary epoch. After this period, the curvature perturbation ζ is almost scale-invariant and remains constant (see for example Ref. [48] ). As a consequence is it possible to consider small initial inhomogeneities on large scales, allowing for a gradient expansion [49] [50] [51] [52] [53] . In this long-wavelength approximation the spatial gradients are small compared to time derivatives. Using this approximation we find 25) and using this approximation with the continuity (2.6) and energy constraint equations (2.8), lead us back to the Eq. (2.13). On large scales, and only considering scalars, the conformal metric can be approximated asγ ij δ ij . As a consequence of this simplified spatial metric, the Ricci scalar R is a nonlinear function of the curvature perturbation ζ only, taking the form [40, 41, 54] 
This expansion for R will allow us to obtain solutions for the density contrast to higher orders. In this paper we are interested in solutions up to third order. The third order corrections are obtained after expanding R up to m = 1 and are given by
(2.27)
The curvature perturbation can be expanded in terms of a Gaussian random field ζ (1) as
where f NL and g NL are the non-Gaussian parameters at first and second order respectively. After substituting Eq. (2.28) into Eq. (2.27), we get an expression for the Ricci scalar, that will allow us to find the density contrast solutions
From Eq. (2.29) it is straightforward to see that solutions to first order in the gradient expansion agree with the ones produced using the perturbation theory treatment.
In a similar way to the first order, using the continuity equation (2.6), along with the energy constraint equation (2.8), the second order evolution equation of δ will be given by
As shown in the Ref. [42] , the solution for these equations is composed of an homogeneous and a particular solution (labelled with subscripts "h" and "p" respectively) of the form
where the particular solution recovers the Newtonian density contrast obtained within the Newtonian standard perturbation theory formalism and the homogeneous solution corresponds to the relativistic contributions to the density contrast also presented in Ref. [42] 2 . Thus, using the expansion for the Ricci scalar given in Eq. (2.29) up to second order (m = 0), the homogeneous solution for the second order of the density contrast is 33) in analogous way the homogeneous third order solution for the density contrast is
which slightly differs from the expression provided in Ref. [40] . We are interested in the new effects to the one-loop power spectrum due to Newtonian and relativistic contributions focusing on the derivation of the relativistic solutions for the density contrast, since the Newtonian solutions is well known (see e.g. [3] [4] [5] 56] ).
Complete density contrast solutions in Fourier space
In this section we present the complete solutions for the density contrast in Fourier space, these solutions consider both Newtonian and relativistic contributions. 3 In Fourier space the second order density contrast is defined by
is the Newtonian contribution, corresponding to the particular solution in Eq. (2.32)
3)
2 Expressions for the relativistic contributions in the Lagrangian perturbation formalism have also been reported in [55] . 3 In this paper we follow this Fourier convention A(x) =
the relativistic corrections F 
Similarly, the third order density contrast is defined as
is also composed by Newtonian and relativistic contributions
with the third order Newtonian kernel given by [57] 
.
(3.8)
One-loop power spectrum
The n th order contribution to the density power spectrum P (n) (k, η) [5] is defined as,
From this expression we find the first order power spectrum P (1,1) (k, η), also known as the tree-level power spectrum, corresponding to the linear power spectrum P L (k, η). Writing all the contributions up to second order (n = 2) for the density power spectrum we obtain [58] :
where P (1,3) (k, η) and P (2,2) (k, η) corrections are known as the one-loop corrections to the density power spectrum. Since δ (1) is a Gaussian field, correlations of the order P (1,2) (k, η) are null (in contrast with the expansions presented in e.g. [34, 35] ). We use the solutions for the density contrast presented in Eqs. (3.1) and (3.5) to calculate the one-loop density power spectrum.
4.1 Second order density power spectrum correction P (2,2) (k, η)
The second order contribution to the density power spectrum P (2,2) (k, η) is defined as
After substituting the expressions for F (2) (q, k − q, η) defined in Eq. (3.2) and using the following variable transformation [3] x = k · q |k||q| = cos θ, r = |q| |k| , (4.4)
we can write the total second order power spectrum correction P (2,2) (k, η) as a sum of a Newtonian density power spectrum P (2, 2) N N (k, η), a cross term P (2,2) C (k, η) that includes Newtonian and relativistic terms, and a purely relativistic term P
Altogether this is
where the first and second lines correspond to P (2, 2) N N (k, η), while the third and fourth lines correspond to P The second order contribution P (1,3) (k, η) is defined as
where F (3) (k, q, −q, η) is defined by Eq. (3.6) and is written in terms of the variables defined in Eq. (4.4). For the total second order contribution P (1,3) (k, η) we have the sum of a Newtonian contribution P (1, 3) N N (k, η) and a relativistic contribution P RR (k, η), where we do not have cross terms as we do not have relativistic corrections in the first order kernel F (1)
using the change of variables in (4.4) and integrating over the variable x, we obtain
where the first and second line correspond to P (1, 3) N N (k, η) and third and fourth line to P (1, 3) RR (k, η).
We obtain numerical solutions for the different contributions to the density power spectrum presented in this section. All our integrations use as an input a linear power spectrum generated with the Boltzmann solver CLASS [59] , assuming a flat ΛCDM cosmology given by the Planck collaboration [60] with a sharp cut-off in P L (k) at k = 10 −5 hMpc −1 due to the infrared behaviour of the purely relativistic terms (see the Appendix A). To test the convergence of the numerical integration of the density power spectrum, we have computed these integrals with the Mathematica package and with a Python script independently.
In this way, the total Newtonian one-loop power spectrum is given as usual by P N N (k, η) = P L (k, η) + 2P (1, 3) N N (k, η) + P (2, 2) N N (k, η). (4.10)
In Figure 1 we present the Newtonian standard perturbation theory results, showing the second order Newtonian contributions to the one-loop power spectrum, P (2, 2) N N and P (1, 3) N N , along with the total Newtonian one-loop power spectrum P N N , for comparison we also plot the linear power spectrum P L in all the figures presented. The relative difference of the Newtonian one-loop power spectrum with respect to the linear power spectrum is also shown. The Newtonian contributions show a relevant effect only for the small scales.
The total relativistic one-loop power spectrum is defined as
In Figure 2 we present the relativistic results, we show the relativistic contributions to the one-loop power spectrum coming from, P The relative difference of the relativistic one-loop power spectrum with respect to the linear power spectrum is also shown. We note that relativistic one-loop power spectrum corrections are relevant in the large scales, the relativistic contributions are subdominant in smaller scales.
Finally, the total one-loop power spectrum defined in Eq. In Figure 3 we present a comparison of the total Newtonian one-loop power spectrum P N N , the total relativistic one-loop power spectrum P RR , along with the total one-loop power spectrum P RN , in this Figure we consider the case with no primordial non-Gaussianity f NL = g NL = 0. The difference of the total one-loop power spectrum P RN respect to the linear power spectrum P L lies in the large scales is due to the relativistic corrections, whereas the difference in the small scales is given purely by the Newtonian contributions.
In Figure 4 we present the total one-loop power spectrum P RN , using different combinations of values of f NL and g NL reported in by the Planck collaboration in Ref. [39] . The current constraints are given by f local NL = −0.9 ± 5.1 and g local NL = −5.8 ± 6.5 × 10 4 . For f NL we use the minimum and maximum values allowed by Planck i.e. f NL = −6.0 and f NL = 4.2. In the case of g NL , we use the minimum value allowed by Planck i.e. g NL = −12.3×10 4 , however the maximum value of g NL that we can use is ∼ 7 as higher values, although allowed by the Planck collaboration [39] , give negative, non-perturbative contributions to the density power spectrum on large scales. These values for g NL and f NL were chosen to show which values of f NL and g NL have a more significant contribution to the one-loop power spectrum. The relative difference with respect to the linear power spectrum shows that the largest corrections to the power spectrum in the large scales are present when g NL takes its minimum value, being this the dominant correction term as is not affected by the chosen value of f NL . On the other hand, larger values of g NL present a similar behaviour for the different combinations with f NL , having a small relative difference with respect to the linear power spectrum in comparison to the corrections given by minimum values of g NL .
In Figure 5 we present the same set of total one-loop power spectrum P RN plots as in Figure 4 but at a redshift z = 1. In addition to the density power spectrum P RN we also present in the blue shaded area the measurement errors assuming a cosmic variance limited Stage-IV galaxy survey like DESI [1] , Euclid [61] , or LSST [62] . More specifically, we have assumed a sky area of 15, 000 deg 2 at z = 1 with bin width ∆z = 0.2. These numbers correspond to typical specifications of such surveys used in recent forecast and model validation studies at z = 1 (see e.g. [63] ). Note however that the measurement errors would decrease if we chose a wider redshift bin given the large total redshift coverage of Stage IV surveys. Similarly, we have defined the largest measurable scale as k min 2π/V 1/3 bin = 0.003 hMpc −1 , where V bin is the volume corresponding to ∆z = 0.2; this volume would increase if we were to consider a wider redshift bin, allowing us to reach larger scales. Note that the minimum values of f NL and g NL show the largest impact at the largest measured scales of the upcoming experiments, forecasting a detectability of PNG for values of g NL or f NL . . 0 P RN f NL = − 6. 0, g NL = 0 P RN f NL = − 6. 0, g NL = − 12. 3 × 10 4 (Min) Figure 5 : Total one-loop power spectrum P RN , at redshift z = 1, for different limiting values of f NL and g NL reported by Planck [39] . The blue shaded area corresponds to the measurement error of a typical Stage-IV-like survey redshift bin with ∆z = 0.2, as detailed in the main text. We also used a k-binning ∆k = 0.006 hMpc −1 .
Tree-level bispectrum
For completeness we calculate the tree-level bispectrum, which is defined as
the components to calculate the bispectrum at tree-level are already given in Eqs. (3.3) and (3.4) . We define the Newtonian tree-level bispectrum B N N as
N (k 1 , k 2 ) + (2 cyclic), (5.2) and the relativistic tree-level bispectrum as The total tree-level bispectrum B RN , is defined by Eq. (5.1), where F (2) (k 1 , k 2 , η) is given in Eq. (3.2) .
In Figure 6 we present a comparison of the Newtonian tree-level bispectrum B N N , the relativistic tree-level bispectrum given by B RR and the total tree-level bispectrum B RN , all in the squeezed limit, with ∆k = 0.013 hMpc −1 when f NL = 0 and for the limiting values of f NL given by Ref. [39] , the relative difference of the total tree-level bispectrum with respect to the Newtonian bispectrum is shown in the bottom panels. The relativistic corrections at this level are subdominant with respect to the Newtonian tree-level bispectrum.
Discussion
We calculated purely general relativistic corrections to the density power spectrum at oneloop. For the synchronous-comoving gauge the primordial non-Gaussianity of the local type can be added naturally and we have also computed the contribution of these parameters. The modifications that relativistic contributions bring to the density power spectrum are below 0.01% except at very large scales where we find a 1% pure relativistic contribution (see Figure 2 ). On the other hand, the primordial non-Gaussianity values allowed by the latest Cosmic Microwave Background observations in the local configuration yield significant contributions mostly from the g NL parameter (see Figure 5 ).
The relativistic terms contributing to the higher order amplitude of the density contrast have been derived from a long-wavelength approximation and do not account for effects at all scales. However, it is expected that at small scales the weak field and therefore the Newtonian regime describe best the matter structure. As mentioned above, it is precisely at the large scales where primordial non-Gaussianity contributes to the density power spectrum. Therefore, the formalism employed here to derive relativistic contributions is naturally extended to include the dominant PNG contributions to the density contrast and its polispectra.
Our results show that pure relativistic corrections P RR have a too small contribution at too large scales to be observed in the present or future large scale structure probes. On the other hand, the primordial non-Gaussianity contributions, corresponding to values within the 1-σ amplitudes of g NL allowed by Planck [39] , yield a significant contribution to δ (3) , and to the one-loop power spectrum observable in the next generation of galaxy surveys. While the deviations from the linear prescription lie within the cosmic variance errors, it may be possible to probe these values through cross-correlations of the future surveys with the measurements of anisotropies in the Cosmic Microwave Background. We shall explore the implications of this effect in order to constraint primordial non-Gaussianity through this and other methods in a future work.
where the integrals in r have been split between a possible divergent infrared contribution from 0 to and a finite contribution from to ∞ which, in the limit of → 0 will correspond to the Cauchy principal value of the integral. Using P L (k, η) ∝ k ns as k → 0 the infrared contributions can be computed analytically, which we will write explicitly in the following expressions. Note that, in the cases where the integrals diverge we will write the expressions as the limit
in order to see divergence rate. For the three different terms in P (2, 2) we obtain the expressions:
IR P (2, 2) N N = We see that the second term in (A.10) diverges at the same rate as (A.6). For the purely Newtonian one loop contribution, the possible infrared problems in the different terms get solved as the combination 2 IR P (1, 3) N N (k, η) + IR P (2, 2) N N (k, η) cancels out, as read from the expressions (A.4) and (A.9) (see Ref. [64] ). However for the relativistic term this does not happen as the expressions (A.10) and (A.6) do not cancel.
In order to obtain finite results for the relativistic one-loop contribution, we set a lower limit different from zero in the r integrals. The fact that the divergence is very slow allows the results to not be very dependent on this limit, but only as r −0.03 c . Moreover, as stated in Ref. [8] , the observations have a minimum k accessible to them, corresponding to their maximum observed scale. Through this work we chose this limit to be in the parameter q = kr as q c = 10 −5 hMpc −1 which is close to the limit chosen in Ref. [8] as q c = H 0 ≈ 3 × 10 −4 hMpc −1 .
